Uniform distribution (Lecture 12)
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Cumulative distribution function of the uniform distribution on the interval [8, 12]



Uniform distribution

relative frequencies
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Histogram of a sample of size 500 with uniform distribution on the interval [8, 12]
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Exponential distribution

cdf, F(x)

Cumulative distribution function of exponential distribution with different parame-
ters: (A= 3,1, and 4)



Exponential distribution

relative frequency
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Histogram of a sample of size 500 from exponential distribution with parameter
A=1
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Density function

s+ 54.5%

If random variable X has density function f (shown on the figure): P(—3 < X <
~1) = [T, f(x)dx = 54.5%;

P(1< X <3) = [ f(x)dx =



Density function

density function, f(x)
o

A density function and the histogram of a sample of size 1000 from the same
distribution;

higher values of the density function — higher frequency;
sample: independent random variables such that all have density function f



Density function: definition

Random variable X : Q — R has density function f : R — R if
t
P(X <t) :/ f(x)dx

— 00

holds for every real number t € R.



Density function: definition

Random variable X : Q — R has density function f : R — R if

t

P(X <t) :/ f(x)dx

— 00

holds for every real number t € R.

, for example,
the discrete ones. If X has density function, then we say that X is absolutely
continuous.

If random variable X has density function f, then for all real numbers a < b we
have

b
IF’(a<X<b):IP’(a§X§b):/ f(x)dx.



Properties of the density function

Let X be absolutely continuous random variable with cumulative distribution func-
tion F. (a) If f is the density function of X, then for every t € R we have

(b) The function f(t) = F’(t) is the density function of X (defined for t where F
is differentiable).

If f:R — R is a density function, then

@ f(x) > 0 holds for "almost every" x € R (for example, finitely many or
countably many exceptions are allowed).

@ [T f(x)dx=1.

Other direction: if f satisfies the two properties above, then there exists a random
variable whose density function is f.



Density function: example
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Density function: example

P(X <-0.5)

If X has density function f(x) = 2|x

,if =1 < x <0, and 0 otherwise, then

F(-1/2) =P(X < -1/2) = /1/2 f(x) dx = %

— 00



Density function

density function, f(x)
o

A density function and the histogram of the corresponding sample of size 1000 —
what can be the expected value and the standard deviation of a random variable
with distribution function 77



Discrete and absolutely continuous case

Expected value will have a different form
in the absolutely continuous case,
because P(X = x) = 0 holds for every x. Instead:

discrete absolutely continuous
possible values of X: x1, X, ... density function of X: f.

E(X) = 3721 % - P(X = x)

E(X?) = 37216 - B(X = x;)

j=17




Discrete and absolutely continuous case

Expected value will have a different form

in the absolutely continuous case,

because P(X = x) = 0 holds for every x. Instead:

discrete

possible values of X: x1, X, ...

E(X) = 3721 % - P(X = x)

E(X?) = 37216 - B(X = x;)

j=17

absolutely continuous
density function of X: f.

E(X) = ffooox- f(x) dx

E(X?) = [ x? - f(x) dx




Discrete and absolutely continuous case

Expected value will have a different form
in the absolutely continuous case,
because P(X = x) = 0 holds for every x. Instead:

discrete absolutely continuous

possible values of X: x1, X, ... density function of X: f.
E(X) =372 % - P(X = x) E(X) = [, x - f(x) dx
E(X?) :ZjoilXJ?'IP’(X:xj) E(X?) :f_oooox2- f(x) dx

D(X) = /E((X — E(X))?) = VE(X?) - E(X)?




Discrete and absolutely continuous case

Expected value will have a different form
in the absolutely continuous case,
because P(X = x) = 0 holds for every x. Instead:

discrete absolutely continuous

possible values of X: x1, X, ... density function of X: f.
]E(X):Zj’il)<j~P(X:><j) E(X):ffooox-f(x)dx
E(X?) :ZjoilXJ?'IP’(X:xj) E(X?) :f_oooox2- f(x) dx

D(X) = /E((X — E(X))?) = VE(X?) - E(X)?

E(X¥) = 3272 % - P(X = x)) B(XK) = [, xf(x) dx

E(g(X)) = X721 8(x) - B(X = x)) E(g(X)) = [75 g(x)f(x) dx




Expected value and standard deviation

Let X be an absolutely continuous random variable with density function f. Then
the expected value of X is defined as follows:

if this integral exists and it is finite.

Suppose that the random variable X is absolutely continuous, its density function
is f, and E(X?) exists, that is, the integral [* x?f(x)dx is finite. Then the
variance of X is:

D2(X) = E((X — E(X))?) = E(X?) — E(X)?,

and its standard deviation is

D(X) = \/E((X ~ E(X))?) = VE(X?) ~ E(X)2.

The definition of standard deviation is the same as in the discrete case.



Expected value of the uniform distribution

Density function of the uniform distribution on the interval [a, b]:

f(X)_{bla, if a<x<bp;

0, otherwise.

If X has uniform distribution on the interval [a, b], then its expected value is:

o b 271b
1 1
]E(X):/ x-f(x)dx:/x~badx:ba[x2} =

1 b2 —a%2 a+b

b—a 2 = 2

because the primitive function of x is % and b? — 22 = (b— a)(b + a).



Standard deviation of the uniform distribution

Density function of the uniform distribution on the interval [a, b]:

Flx) = e faSx<h
0, otherwise.

In this case, we have

2 * b 2 1 1 $*1°
( ) /—oox (X)X /ax biax ba|:3:|s_a
1 b*—a® a’+ab+ b
 b-—a 3 3 ’

as the primitive function of x2 is %, and b3 — a® = (b — a)(a® + ab + b?).



Standard deviation of the uniform distribution

Density function of the uniform distribution on the interval [a, b]:

b—a’

Flx) = 1 ifa<x<b;
o, otherwise.

In this case, we have

2 * b 2 1 1 $*1°
( ) /—oox (X)X /ax biax ba|:3:|s_a
1 b*—a® a’+ab+ b
 b-—a 3 3 ’

as the primitive function of x2 is %, and b3 — a® = (b — a)(a® + ab + b?).

D*(X) = E(X?) ~ E(X)? = ° +a3b+b ~ (a—;b)

@ tab+ b P +2ab+ b P —2ab+ b (b—a)
B 3 4 12 12



Uniform distribution

The random variable X has uniform distribution on the interval [a, b], if its density

function is
1 ifa< < b;
f(X) {b a’ ! X '

o, otherwise.
Then

@ the cumulative distribution function of X is as follows:

0, if t <a;
F(t)=P(X <t)=q =2, ifa<t<b;
1, if t > b.

@ Ifa<c<d<b, then

d d B
P(chgd):/ f(x)dx:/ biadx:zig.

@ The expected value and standard deviation of X:

E(X) = a;b; D(X) = %;.



Exponential distribution: definition and properties

Let A > 0 be fixed. The random variable X has exponential distribution with
parameter ), if its density function is

—Ax H .
f(x):{)\e , ifx>0;

0, otherwise.

Then

@ the cumulative distribution function of X is the following:

' 1—e MM if :
F(f)ZP(XSt):/ f(x) dx = e "t i t>9,
-0 0 otherwise.
@ The expected value of X: E(X) = 1

= 1, its standard deviation: D(X) = 1.

@ Memoryless property. Let s, t be positive numbers. Then we have

P(X > s+t X >s)=P(X > t).



Normal distribution

Let m be a real number, and o > 0. We say that the random variable Y has normal
distribution with expected value m and variance o2, if its density function is the

following:
1 (x — m)?
m.g‘*xp(‘zaz> (x<R).

Notation: Y ~ N(m,o?).

f(x) =

If Y ~ N(m,o?), then E(Y)=m, D(Y) =o.
Standard normal distribution: normal distribution with expected value m = 0

and standard deviation ¢ = 1. Cumulative distribution function: ®, density
function: ¢, where

CD(t):/too(p(x)dx; o(x) = \/%exp<_’;2).




